For a two-dimensional lattice Λ with n vertices, the number of spanning trees N ST (Λ) grows asymptotically as exp(nz Λ ) in the thermodynamic limit. We present exact integral expression and numerical value for the asymptotic growth constant z Λ for spanning trees on various twodimensional lattices with more than one type of vertex given in [1] . An exact closed-form expression for the asymptotic growth constant is derived for net 14, and the asymptotic growth constants of net 27 and the triangle lattice have the simple relation z 27 = (z tri +ln 4)/4. Some integral identities are also obtained.
I. INTRODUCTION
The enumeration of the number of spanning trees N ST (G) on the graph G was first considered by Kirchhoff in the analysis of electric circuits [2] . It is a problem of fundamental interest in mathematics [3, 4, 5, 6] and physics [7, 8] . The number of spanning trees is closely related to the partition function of the q-state Potts model in statistical mechanics [9, 10] .
There are several ways to calculate N ST (G), including as a determinant of the Laplacian matrix of G and as a special case of the Tutte polynomial of G [3] . Some recent studies on the enumeration of spanning trees and the calculation of their asymptotic growth constants on regular lattices were carried out in [11, 12, 13, 14] . In this paper we shall present exact integrals for the asymptotic growth constant for spanning trees on several two-dimensional lattices given in [1] . It was shown in [14] that integral identities can be obtained with different choice of unit cells, where, in most cases, the sizes of the unit cells are different.
Here we shall show that an integral identity can be obtained with the same unit cell but different choice of directions in the calculation.
II. BACKGROUND AND METHOD
We briefly recall some definitions and background on spanning trees and the calculation method that we use [3, 15] . Let G = (V, E) denote a connected graph (without loops) with vertex (site) and edge (bond) sets V and E. We will only consider simple graphs without multiple edges. Let n = v(G) = |V | be the number of vertices and e(G) = |E| the number of edges in G. A spanning subgraph G ′ is a subgraph of G with v(G ′ ) = |V |, and a tree is a connected graph with no circuits. It follows that a spanning tree is a spanning subgraph of G that is a tree and hence e(G ′ ) = n − 1. The degree or coordination number k i of a vertex v i ∈ V is the number of edges attached to it. A k-regular graph is a graph with the property that each of its vertices has the same degree k. Two vertices are adjacent if they are connected by an edge in E. In general, one can associate an edge weight x ij to each edge connecting adjacent vertices v i and v j (see, for example [11] ). For simplicity, all edge weights are set to one throughout this paper. The adjacency matrix A(G) of G is the n × n matrix with elements A(G) ij = 1 if v i and v j are adjacent and zero otherwise. The
Laplacian matrix Q(G) is the n×n matrix with element Q(G) ij = k i δ ij −A(G) ij . One of the eigenvalues of Q(G) is always zero; let us denote the rest as λ(G) i , 1 ≤ i ≤ n − 1. A basic theorem is that N ST (G) = (1/n) n−1 i=1 λ(G) i [3] . For a d-dimensional lattice Λ with d ≥ 2 in the thermodynamic limit, N ST (Λ) grows exponentially with n as n → ∞; that is, there exists a constant z Λ such that N ST (Λ) ∼ exp(nz Λ ) as n → ∞. The constant describing this exponential growth is thus given by [5, 6] z Λ = lim
where Λ, when used as a subscript in this manner, implicitly refers to the thermodynamic limit of the lattice Λ.
A regular d-dimensional lattice is comprised of repeated unit cells, each containing ν vertices. Define a(ñ,ñ ′ ) as the ν × ν matrix describing the adjacency of the vertices of the unit cellsñ andñ ′ , the elements of which are given by a(ñ,ñ ′ ) ij = 1 if v i ∈ñ is adjacent to v j ∈ñ ′ and zero otherwise. Although the number of spanning trees N ST (Λ) depends on the boundary conditions imposed as shown in [11] , the asymptotic growth constant z Λ is not sensitive to them. For simplicity, let us consider a given lattice having periodic boundary conditions. Using the resultant translational symmetry for the spanning trees, we have a(ñ,ñ ′ ) = a(ñ −ñ ′ ), and we can therefore write a(ñ) = a(ñ 1 , · · · ,ñ d ) for a d-dimensional lattice. Generalizing the method derived in [12] for lattices which are not k-regular, N ST (Λ) and z Λ can be calculated in terms of a matrix M Λ , which is determined by these a(ñ), defined
where M ′ Λ is the diagonal matrix whose diagonal elements are the degrees k i of the vertices in the unit cell and Θ stands for the d-dimensional vector (θ 1 , · · · , θ d ). Then [5, 12] 
where
is the determinant of the matrix M Λ . Notice that the calculation is not sensitive to the order of the vertex labeling and the choice of the
It is well known that there are only three uniform tilings of the plane by using one type of regular polygon in which all vertices are equivalent, or three regular tessellations, namely, the square, triangular and honeycomb lattices. If one allows more than one kind of regular polygons and still requests that all vertices are equivalent, there are eight more lattices, or semi-regular tessellations. These are altogether eleven Archimedean lattices which are all k-regular [16] . If the restriction that all vertices are equivalent is released, an infinite number of tessellations is possible, even with just two types of regular polygons, not to mention if non-regular polygons are allowed. Even though mathematically it is not possible to cover the plane if regular pentagons or heptagons should be presenst, certain arrangements of atoms involving irregular polygons, including pentagons or heptagons, do occur in realworld alloys and inorganic crystals. In [1] , various common tessellations (including the eleven Archimedean lattices), denoted as nets, and their occurrences were given.
For a lattice Λ which is not k-regular, it is convenient to introduce an effective coordination number κ Λ , defined as the average number of edges per vertex,
For a k-regular lattice, κ = k. Furthermore, we know that the number of spanning trees is the same for a planar graph G and its dual G * , and the number of the vertices of G * is given by the Euler relation v(G * ) = e(G) − n + 1. It follows that the asymptotic growth constants of G and G * satisfy the relation [12, 14] 
For a k-regular graph G k , a general upper bound for the asymptotic growth constant is
. A stronger upper bound for G k with k ≥ 3 was derived in [18, 19] that
By Eq. (2.1), this then yields [12] 
III. ASYMPTOTIC GROWTH CONSTANTS
The asymptotic growth constants z Λ for the eleven Archimedean lattices have been considered by several authors [7, 8, 12, 13, 14] . While the relation z hc = z tri /2 for the honeycomb and triangular lattices is easy to understand due to the duality [12] 
A. Nets with regular polygons
In this subsection ,we consider important nets in which only regular polygons (including triangle, square or hexagon) occur with more than one type of vertex.
Net 12
Net 12 is the combinations of 3 2 .4.3.4 and 3 3 .4 2 vertices. A primitive unit cell contains twelve vertices ν 12 = 12, and the coordination number is k 12 = 5. By the choice of the unit cell and vertex labeling shown in Fig. 1 (a) , we have
The determinant can be calculated to be 2) such that the numerical evaluation gives two of them contains diagonal edges as a unit cell with ν 13 = 8, we have
The determinant can be calculated to be
such that
The z values of the variants of net 13 shown in Fig. 15 of [1] are close to this, and are not given here to save space.
Net 14
Net 14 is a simple combination of hexagons and triangles as shown in Fig. 1 (c) , such that the coordination number is k 14 = 4. Taking a triangle as a unit cell with ν 14 = 3, we have
An exact closed-form expression for this integral can be derived as follows. After changing the variable θ 1 = 2θ, we have
and we consider 0 ≤ b < 1 ≤ a. For b = 0, it can be shown that
where Ti 2 (x) is the inverse tangent integral [20] ,
Here dilogarithm Li 2 (z) is defined by
Taking the derivative with respect to b then performing the integral over θ in Eq. (3.11),
we get
It can be integrated to give 16) where
When b is set to zero, it is clear that Eq. (3.16) reduces to Eq. (3.12). We notice that when a is set to one, the expression for I(a = 1, b) can be simplified, using the identity that Ti 2 (1) is equal to the Catalan constant 17) which is equivalent to Eq. (28) of [13] . Evaluating I(a, b) in Eq. (3.16) at a = 3/2, b = 1/2 and substituting into Eq. (3.10), we obtain the exact closed-form expression
where φ 0 = tan −1 (−2 √ 6) = 1.772154247585227....
Net 15
Similar to the Kagomé lattice, (3.6.3.6), net 15 is a simple combination of hexagons and triangles as shown in Fig. 1 (d) . A primitive unit cell contains eleven vertices ν 15 = 11.
There are two 6 3 , four 3 2 .6 2 and five 3.6.3.6 vertices in each unit cell, so that the effective coordination number is κ 15 = 42/11. Referring to Fig. 1 (d) , if one takes the direction to the right as θ 1 and the direction to the upper-right as θ 2 , then 
with determinant
However, if one still takes the direction to the right as θ 1 but the direction to the upper-left as θ 2 , then
which looks distinct from D 15 (θ 1 , θ 2 ). Nevertheless, both determinants give the same asymptotic growth constant and we have the integral identity
In contrast to the integral identities in [14] which was obtained by different choice of unit cells, here we obtain an integral identity by different choice of directions in the calculation. is κ 16(a) = 9/2. We have 
The determinant can be calculated to be 
which is slightly less than z 16(a) .
Net 17
Net 17 is obtained by intergrowth of 
The determinant can be calculated to be In this subsection, we consider important nets which involve pentagons. Most of them also contain triangles and squares, in addition to pentagons.
Net 18
Net 18 is a pentagon-only net, and is the dual of the (3 2 .4.3.4) lattice. The normal appearance that it contains equal-sided (but not regular) pentagons with two angles of π/2
is not crucial for the calculation of spanning trees. Let us draw it as shown in Fig. 2 (a) with six vertices in a unit cell ν 18 = 6. There are two 5 4 and four 5 3 vertices in each unit cell, so that the effective coordination number is κ 18 = 10/3. We have
where p = √ 3 − √ 2, q = √ 2 − 1, and Ti 2 (x, y) is the generalized inverse tangent integral [20] , (c) 
Net 19
Net 19 is shown in Fig. 2 (b) , where a primitive unit cell contains nine vertices ν 19 = 9, and the coordination number is κ 19 = 4. By the vertex labeling given in Fig. 2 (b) , we have 
Net 20
Net 20 is shown in Fig. 2 (c) , where a primitive unit cell contains ten vertices ν 20 = 10, and the coordination number is κ 20 = 4. We have 
Net 21
A primitive unit cell for net 21 containing twenty vertices ν 21 = 20 is shown in Fig. 2 (d), and the coordination number is κ 21 = 4. Let us write
is a diagonal matrix with all diagonal elements equal to four and 
−2389920 cos θ 1 cos θ 2 (cos θ 1 + cos θ 2 ) + (cos 4 θ 1 + cos 4 θ 2 )
−1160 cos θ 1 cos θ 2 (cos 2 θ 1 + cos 2 θ 2 ) + 32014 cos
Net 22
Net 22 contains only triangles and pentagons. Let us draw it as shown in Fig. 2 (e) with five vertices in a unit cell ν 22 = 5. There are two 5 3 and three 5 3 .3 vertices in each unit cell, so that the effective coordination number is κ 22 = 18/5. We have
Net 23
A primitive unit cell for net 23 containing nine vertices ν 23 = 9 is shown in Fig. 2 (f) , and the coordination number is κ 23 = 4. We have
−103(cos θ 1 cos θ 2 + (cos θ 1 + cos θ 2 ) cos(θ 1 + θ 2 )) +14 cos θ 1 cos θ 2 cos(θ 1 + θ 2 )} , (3.51)
Net 24
The coordination number for net 24 is κ 24 = 4. The unit cell given in Fig. 26 of [1] contains ten vertices ν 24 = 10. Using the vertex labeling given in the left-hand-side of Fig. 2 (g), we have However, if one takes the primitive unit cell shown in the right-hand-side of Fig. 2 (g) containing five vertices,ν 24 = 5, we havē
Although the two determinants given in Eqs. (3.54) and (3.56) are distinct, they give the same asymptotic growth constant for net 24,
This is an example of the integral identity one can obtain by choosing different unit cells in the calculation [14] .
Net 25
Let us draw net 25 as shown in Fig. 2 (h) with six vertices in a unit cell ν 25 = 6, and the coordination number is κ 25 = 4. We have In this subsection ,we consider important nets which involve heptagons, enneagons or octagons.
Net 26
Net 26 contains only squares and heptagons. A primitive unit cell containing twelve vertices ν 26 = 12 is shown in Fig. 3 (a) , and the coordination number is κ 26 = 3. We have 
Net 27
Net 27 contains only triangles and enneagons as shown in Fig. 3 (b) , where each unit cell contains four vertices ν 27 = 4, and the coordination number is κ 27 = 3. We have
which is four times of that for the triangular lattice [8, 12, 22] . It follows that 
Net 28
Net 28 is the B net of YCrB 4 , which contains only pentagons and heptagons. A primitive unit cell containing sixteen vertices ν 28 = 16 is shown in Fig. 3 (c) , and the coordination number is κ 28 = 3. We have 
Net 29
Net 29 is the B net of Y 2 LnB 6 , which contains pentagons, hexagons and heptagons. A primitive unit cell containing twenty four vertices ν 29 = 24 is shown in Fig. 3 (d) , and the coordination number is κ 29 = 3. Let us write
29 is a diagonal matrix with all diagonal elements equal to three and 
Net 30
Net 30 is a net with 5 2 .8 and 5. 
with determinant for a k-regular lattice Λ k , where b k is given by Eq. (2.7). For a lattice Λ which is not k-regular, we replace k by κ in Eq. (2.7) and consider the ratio
The values of z Λ and r Λ for various lattices Λ are summarized in Table I . Our results agree with the observations made in [12] that z Λ is relatively large for large value of k (or κ). For the two-dimensional lattices with k = 4 studied here and in [12, 14] , their values of z Λ are all smaller than that of the square lattice, z sq = 4C/π = 1.166243616123275... [8] , which indicates that the square lattice may be the most densely connected two-dimensional lattice with k = 4 [12] . Similarly, the values of z Λ for the lattices with k = 3 studied here and in [12, 14] are smaller than that of the honeycomb lattice, z hc = 0.8076648680486262... [8] , which indicates that the honeycomb lattice may be the most densely connected twodimensional lattice with k = 3. The triangular lattice, the dual of the honeycomb lattice, would be the most densely connected two-dimensional lattice with k = 6.
The ratios r Λ are close to each other no matter the lattice Λ is k-regular or not. We thereby conjecture the upper bound 
